Abstract. This paper considers how to smooth three kinds of G 1 biarc models, the C-, S-, and J-shaped transitions, by replacing their parts with spiral segments using a single cubic Bézier curve. Arc spline is smoothed to G 2 continuity. Use of a single curve rather than two has the benefit because designers and implementers have fewer entities to be concerned. Arc spline is planar, tangent continuous, piecewise curves made of circular arcs and straight line segments. It is important in manufacturing industries because of its use in the cutting paths for numerically controlled cutting machinery. Main contribution of this paper is to minimize the number of curvature extrema in cubic transition curves for further use in industrial applications such as non-holonomic robot path planning, highways or railways, and spur gear tooth designing.
Introduction
Arc spline curves are made of circular arcs and straight line segments. They are G 1 continuous and are used to reduce the excessive number of data points with minimum alternation of the original profiles [2, 16, 18, 20, 22, 35] . The curvature of an arc spline can be easily controlled and the offset curve of an arc spline is another spline. These are important for computer controlled cutting machines, for highway and railway designing as a natural curve along which to plan the center line of a rail/road or railway, for non-holonomic (car like) robot paths, and to design a spur gear tooth. However, arc spline is not as flexible and smooth as B-spline. On other side B-spline is a rather complicated and its curvature is difficult to control, for example, due to the prescribed bound on the maximum curvature. Offset of a B-spline is a non-rational curve [19, 20] .
According to Farin [6] , "A curve is fair (smooth) if its curvature plot is continuous and consists of only a few monotone pieces. Regions of monotone curvature are separated by points of extreme curvature. The number of curvature extrema of a fair curve should thus be small ". Since spiral transitions are without any internal curvature extrema [10] , therefore the process of arc spline fairing can be accomplished by replacing their parts with spiral segments preserving curvature continuity.
Parametric cubic polynomial in Bézier form has been successfully used for spiral transitions between circles and straight lines [13, 14, 15] . Cubic curves, although visually pleasing, are not always helpful since they might have unwanted cusps, loops, up to two inflection points, and curvature extrema [21, 25, 30, 36] . Several Hermite-type and osculatory transition curves using cubic polynomials are presented in [5, 6, 7, 19, 26, 27, 28, 32] .
The curvatures of G 1 arc splines are strictly controlled but such arcs are not easy to use, and are not flexible enough [36, 37, 38] . Li & Meek in [20] have considered an application of a pair of conics to smooth a C-shaped curve or a cubic Bézier curve to smooth S-and J-shaped curves. Arc spline is smoothed to G 2 continuity but this increase in smoothness is at the cost of increase in the number of curvature extrema. In their proposed method, the maximum number of spiral pieces in a single segment could be six for the C-shaped transition and is five for the S-and J-shaped transitions, for larger angle between tangents at the end-points of transition curve.
In this paper, a stable and robust method is proposed for the replacement of all the above mentioned three types of G 1 biarcs with their corresponding G 2 transition curves having not more than one inflection point in their curvature, i.e., maximum three spiral segments in a single transition curve. These transitions are between two circular arcs tangent to each other or between a straight line and a circular arc tangent to each other. Walton & Meek [29] and Habib & Sakai [13] considered planar G 2 transition between two circles with a single fair cubic Bézier curve. They showed there is no curvature extremum in the case of an S-shaped transition, and there is a single curvature extremum in the case of a C-shaped transition. However, their method does not provide any solution for transition curves when circular arcs on both sides are tangent to each other. Such cases are discussed in [3] but without any analysis of number of curvature extrema in a C-or S-shaped transition curves. J-shaped case is presented in [33] but again there is no discussion on transition when straight line and circular arc are tangent to each other.
Keeping in view the above mentioned problems, main objectives of our paper are: a) To extend, complete, and prove the analysis of [14, 20] for the replacement of G 1 biarcs with G 2 continuous spline having two or maximum three spiral segments by using a single cubic Bézier curve for all types of transition curves. b) To modify the method of Habib & Sakai [13] for the C-and S-shaped transitions, when both circular arcs are tangent to each other. c) To find a method for the J-shaped transition curve, when the straight line and circular arc are tangent to each other. d) To find sufficient conditions for just one curvature extremum in C and J-shaped transition curves, and maximum two curvature extrema in an S-shaped transition curve. e) To design spur gears by using an S-shaped transition curve between two circles of same radii and tangent outside to each other with minimum possible number of curvature extrema, necessary to minimize friction between teeth.
Notations and Conventions
To aid concise writing of mathematical expressions, the symbols · and × are used to denote the usual inner product and signed z-component of the threedimensional cross-product of two vectors in the xy plane, respectively, e.g.,
where θ is the counterclockwise angle from a to b.
The signed curvature of a parametric curve p(t) in the plane is
when p (t) is non-zero. Positive curvature has the center of curvature on the left as one traverses the curve in the direction of increasing parameter. For non-zero curvature, the radius of curvature, positive by convention, is 1/|κ(t)|. The derivative κ (t) of the curvature in (2.1) yields
where [17, pp. 439-443 ] is a technique for determining the number of positive or negative real roots of a polynomial. The term 'spiral' refers to a curved line segment whose curvature varies monotonically with constant sign. Based on Kneser's theorem [9] , any circle of curvature of a spiral encloses all the smaller circles of curvature and is enclosed by all larger circles of curvature. So we cannot find the transition curve with a single spiral segment when the smaller circle is not completely inside the larger circle.
Description of Method
The arc spline is a planar G 1 continuous curve made of circular arcs and straight-line segments. The process of smoothing arc spline will be done by replacing the following three types of transitions: C-shaped transition between two circular arcs having same signs of curvatures.
S-shaped transition between two circular arcs having opposite signs of curvatures.
J-shaped transition between a straight-line segment and a circular arc.
A single cubic Bézier curve in parametric form will be used for all the above mentioned three types of G 2 continuous transition curves. Let C 0 and C 1 be the centers of larger circle Ω 0 and smaller circle Ω 1 , with radii r 0 , r 1 , respectively. The problem of finding a fair parametric transition curve from larger circle (for C-and S-shaped) or straight-line (for J-shaped) to smaller circle can be solved in Hermite-like manner, i.e., for given starting point, tangent and curvature at start point, and curvature at end point (end point and tangent vector at end point are restricted to the given circle Ω 1 ). For C-and S-shaped transitions, radii of both circles should satisfy the condition μ > 1 and μ ≥ 1, respectively, where μ = r 0 /r 1 . The case μ < 1 is handled by reversing the biarc, converting the condition into μ > 1. For J-shaped transition, radius r 1 of circle Ω 1 is given. C-, and S-shaped transition curves from circle to circle, and J-shaped transition curve from straight line to circle, are shown in normalized form in Figures 1, 3 , and 5, respectively. In these figures, the point of contact of both circles, or straight-line and circle is shown as small circle.
Since the smaller circle Ω 1 does not lie completely inside the larger circle Ω 0 , Kneser's theorem implies that there must be at least one internal curvature extremum in a transition curve. We obtain sufficient conditions for one or maximum two curvature extrema by use of Descartes rule of signs on the number of the positive roots of the derivative of curvature. For ease of presentation, we describe the biarc model in a local coordinate system. In practical implementation of smoothing arc splines, a world coordinate system is required. The conversion between local and world coordinate systems is a simple matter of transformation.
A cubic Bézier curve z(t) = (x(t), y(t)), has eight degrees of freedom in the interval t ∈ [0, 1], and is represented as
where p i , i = 0, . . . , 3, are the four distinct control points. Without any loss of generality we can translate, rotate and, if necessary, reflect the shape to normalize it as shown in Figures 1, 3 , and 5, so that the given starting point p 0 is at the origin, p 1 is on the positive x-axis, the given center C 0 (= (0, r 0 )) of the larger circle (for C-and S-shaped) is on the positive y-axis, the ending point p 3 is above the x-axis. Let the control polygon in (3.1) be represented by
In normalized form of cubic Bézier polygon, segment h in C and S-shaped cases is making angle θ and segment k in J-shaped case is making angle 2θ with the positive x-axis, where θ ∈ (0, π/2). As will be seen later, angle θ is used as a free parameter providing some more freedom to the user in addition to comfortable range of other parameters for fair transition curves. To simplify the analysis, most of the expressions in this paper are written in terms of u ( = tan 2 θ), instead of angle θ. Other important parameters used to solve the problem are mentioned in the algorithm in Section 4.
The steps of our analysis are to derive the conditions for a single or maximum two curvature extrema in a transition curve. The results are expressed as theorems. The three cases of C, S, and J-shaped transitions are then considered separately in the following sections.
C-shaped transition curve
Here we consider the case of C-shaped transition curve z(t) of the form (3.1) between two circles tangent inside to each other. Since one circle is not completely inside the other circle, the transition curve must has at least one interior curvature extremum. We show that the transition curve does not has more than one curvature extremum, i.e., it is composed with two spiral segments.
We assume, the segment h is making an angle θ with segment k, i.e., angle between tangent vectors z (0) and z (1) of transition curve is in (0, π), as shown in Figure 1 . Recall that p 1 − p 0 is parallel to the x-axis, i.e., the tangent vector z (0) is parallel to (1,0). We summarize the above discussion as
To simplify the analysis, again let h = p 2 r 1 . Then the end-points curvature
Therefore, from (3.1)-(3.3), we have a family of cubic transition curves
obtained by introducing a parameter m and choosing
For later use, to find sufficient conditions for the single curvature extremum in a C-shaped transition curve, the derivative of curvature of function (3.1) is required which is given by (2.2). It is calculated for t = s/(1 + s). Parameter s is introduced to simplify the analysis of expressions in derivative of curvature by removing the upper bound of t: 0 ≤ t ≤ 1 ⇒ s ≥ 0. Now derivative of curvature can be represented as
where
In addition to the above mentioned conditions, we require that the larger circle Ω 0 touches inside the osculating circle Ω 1 , i.e.,
where centers of both circles are C 0 = (0, r 0 ), C 1 = z(1) − r 1 (sin 2θ, − cos 2θ), respectively. Depending on either parameter m or an angle θ is given, our method is divided in the following two cases. Case 1. Parameter m is given. In this case an angle θ needs to be calculated satisfying the condition of tangent circles in (3.7), giving a quadratic equation in u as
where the solution of (3.8) for u with
The G 2 transition curve exists if the larger solution of (3.9) is positive, leading to the conditions
The following remark is required since the circular arc to be replaced by the transition curves are not usually the whole circles, i.e., just the portion of the circles.
Remark 1. The distance of end point p 3 of transition curve from its start point p 0 (i.e., origin) is given by
We can see that the transition curve reduces to the common point of the two circles as μ tends to the upper limit by (3.10) or θ tends to 0. Proof. Existence of solution is ensured from condition in (3.10) and the guarantee of single interior curvature extremum is given by (3.12).
Case 2. Angle θ is given. Angle θ is given in this case and therefore value of parameter m is required. From (3.7), we have two positive real solutions
Smaller solution of m is giving us a more flexible sufficient condition than its larger one (shown as gray region in Figure 2(b) ) for the single curvature extremum by applying Descartes rule of signs on (3.6) as
14)
The following theorem guarantees the fairness of the desired single C-shaped transition curve for (μ, u) belonging to the gray region in Figure 2(b) .
Theorem 2. The G
2 transition curve z(t) of the form (3.4) defined by (3.1) with given angle θ, between two given circles tangent inside to each other, exists and has exactly one curvature extremum for (μ, u) limited by (3.14).
Proof. Existence of solution and the guarantee of single interior curvature extremum are ensured from (3.13) and condition in (3.14).
S-shaped transition curve
Here we consider an S-shaped transition curve z(t) of the form (3.1). We assume, segment k is making an angle θ with segment h, i.e., the tangent vector z (0) of transition curve is parallel to the tangent vector z (1), and therefore both tangents are parallel to x-axis in the normalized form of control polygon of Bézier curve. It is shown in Figure 3 . Above discussion concludes the following results.
To simplify the analysis, we assume h = p 2 r 1 . The curvature end conditions (κ(0), κ(1)) = (1/r 0 , −1/r 1 ), give us (g, k) = pr 1 2 sin θ/3(μ, 1).
(3.16)
Therefore from (3.1), we have a family of S-shaped transition curves Here the curvature of the transition curve should change sign to allow an inflection point in S-shaped transition curve. To find sufficient conditions for the single or double curvature extrema in an S-shaped transition curve, the derivative of curvature of function (3.1) is required for later use. It is obtained from (2.2) for t = s/(1 + s) , s ≥ 0, and is given as
With all the above mentioned conditions, we also assume that the larger circle Ω 0 touches outside the osculating circle Ω 1 , i.e., 20) where centers of both circles are C 0 = (0, r 0 ), C 1 = z(1) − r 1 (0, 1), respectively. Again depending on either parameter m or an angle θ is given, the method for S-shaped transition curve is also divided in the following two cases. Case 1. Parameter m is given. In this case an angle θ needs to be calculated satisfying the condition of tangent circles in (3.20) , giving
where the positive right hand side of above expression requires It is covering a large range of μ and is shown as light gray shade in Figure 4 The following theorem guarantees the fairness of the desired S-shaped transition curve for (μ, m) belonging to the light or dark gray region in Figure 4 (a). The following theorem guarantees the fairness of the desired single S-shaped transition curve for (μ, u) belonging to the gray region in Figure 4(b) . Proof. The proof is immediately follows from the above discussion. Corollary 1. An S-shaped transition between two circles tangent outside to each other and of same radii (i.e., μ = 1) does not has less than two curvature extrema.
Proof. Its proof is followed from Descartes rule of signs and Kneser's theorem.
J-shaped transition curve
In this section, we consider a J-shaped transition curve z(t) of the form (3.1) and show that it does not has more than one curvature extremum, i.e., it is composed with two spiral segments. Recall that segment g is parallel to xaxis in the normalized form of control polygon of J-shaped Bézier curve. We assume, segment h is also parallel to x-axis and segment k is making an angle 2θ with x-axis, i.e., angle between tangent vectors z (0) and z (1) of transition curve is in (0, π). It is shown in Figure 5 . Above discussion concludes the following.
,
Since control points p 0 , p 1 , and p 2 are collinear and distinct, we can assume p 1 is lying on a parametric straight line with its end-points at p 0 and p 2 , i.e., p 1 = (1 − m)p 0 + mp 2 , where parameter m ∈ (0, 1). Here the end-points curvature conditions are (κ(0), κ(1)) = (0, 1/r 1 ). We also require osculating circle Ω 1 with center C 1 = z(1) − r 1 (sin 2θ, − cos 2θ) be tangent to the x-axis, i.e., y(1) + r 1 cos 2θ = r 1 , leaving both u and m as free parameters.
All the above mentioned conditions yield
Then from (3.1), we have a family of cubic transition curves
To find sufficient conditions for the single curvature extremum in a J-shaped transition curve, the derivative of curvature of function (3.1) is required which is given by (2.2). It is calculated for t = s/(1 + s), s ≥ 0, and is represented as 30) where the coefficients Remark 3. The distance between end-points p 0 (i.e., origin) and p 3 of transition curve is given by
It is noticed that the transition curve reduces to the common point of the straight line and the circle as θ tends to 0.
The following theorem guarantees the fairness of the desired single J-shaped transition curve for (u, m) belonging to the gray region in Figure 6 Proof. Existence of solution follows immediately from the above discussion and the guarantee of single interior curvature extremum is given by (3.32). 
The Algorithm
Based on the above analysis, we have adopted the approach to construct a cubic Bézier spiral transition of C-, S-, and J-shaped, with a single polynomial in parametric form, for use in smoothing arc splines and spur gear designing of G 2 continuity. The procedure is described in the following algorithm.
1. Given are start point, tangent direction at start point, and curvatures at endpoints.
2. Normalize the given data for C-, S-, and J-shaped transition by transformation according to Figures 1, 3 , and 5, respectively.
3. (a) For C-shaped transition, either select parameter m from gray region in Figure 2 (a) and find u from (3.9) or select u from gray region in Figure 2 (b) and find m from (3.13).
(b) For S-shaped transition, either select parameter m from gray region in Figure 4 (a) and find u from (3.21) or select u from gray region in Figure 4 (b) and find m from (3.26).
(c) For J-shaped transition, fix any positive value of u, and assign value of m in the range [0.35, 0.97], or select (u, m) from gray region in Figure 6 .
5. Find the control points from (3.2), (3.15), and (3.27) for C-, S-, and J-shaped, respectively.
6. Construct Bézier transition curve from (3.1).
7. View the curvature plot for this curve. Continue, if it is acceptable, otherwise, go to step 3 and try some other value of m (or θ).
8. Apply the reverse transformation to bring the transition curve back to the pre-normalized position of its given data. 
Fairing Arc Spline
For the use of cubic Bézier spiral transitions of C-, S-, and J-shaped in smoothing arc spline with G 2 continuity, first we consider the following numerical examples of all cases of transition curves with their corresponding curvature plots and derivative of curvature plots. Data of these examples is in normalized form. Locations of selected free parameters are shown with white stars in Figures 2, 4 , and 6. 
Smoothed arc spline
An arc spline of Figure 6 in [20] is selected. It has five elements connected with G 1 continuity and its total arc length is 465. Parts of these elements along both sides of their joints are replaced with J-, C-, S-, and again J-shaped spiral transition curves shown in Figures 9(a) , 7(d), 8(d) , and 9(d), respectively. Endpoints of arc spline elements are shown with small gray disks, replaced parts are highlighted with black in smoothed version of arc spline, and the remaining parts are shown with gray in Figure 10 (a). All the segments are connected with G 2 continuity. The total arc length of this smoothed version is 464.9 and its curvature plot is given in Figure 10 
Geometric Designing
Transition curve used in fairing arc spline can conveniently be used for modeling spur gear teeth. Gear teeth are the fundamental parts of engineering and automobile. Involutes, evolutes, transcendental functions, and B-spline functions are being used for the geometric design of a gear tooth [1, 4, 8, 34] . All these methods are without any consideration or proof of number of internal curvature extrema in the used transition curve. Degree of smoothness of a tooth profile can be increased by minimizing the number of curvature extrema, resulting less friction and wear between two sliding surfaces. We have used an S-shaped transition curve between two circles of same radii and tangent outside to each other. As already proved in Corollary 1, this transition has minimum possible number of curvature extrema. Results are shown in Figure 11 . Comparison. Our main concern and focus is to approximate the arc-spline with the guarantee of minimum possible number of curvature extrema by replacing their parts using single cubic Bézier curve while keeping the level of smoothness to G 2 continuity. Transition curves can always be made shorter so that they are closer to the arc spline. Therefore, little or much of the original arc spline can be retained by using the available degree of freedom. The comparison of the above results with those in [20] is summarized in Table 1 . Table 1 . Comparison of our results with the results in [20] .
No.
Results in [20] Our results 1 A pair of conics was used to smooth a C-shaped curve and a cubic Bézier curve was used to smooth S-and J-shaped curves.
A single cubic Bézier curve for all types of transition curves is used.
2 S-, C-and J-shaped transition comprise three to five, three to six, and two to five spiral pieces, respectively.
S-shaped transition comprises two to three spiral pieces. C-and J-shaped transition comprise exactly two spiral pieces. 3 Conditions are not provided for the number of curvature extrema.
Sufficient conditions are provided for the exact number of curvature extrema.
Conclusion and Future Research Work
We presented a method for smoothing a G 1 arc spline to G 2 continuity by replacing its three types of parts (C-, S-, and J-shaped) with spiral transition curves. The main advantages of our method are that all kinds of transition curves can be achieved from a single cubic Bézier curve of fixed and low degree providing designers and implementers fewer entities to be concerned. Curves are comprising of minimum possible number of internal curvature extrema.
A PH (Pythagorean Hodograph) quintic curve has the attractive properties that its arc length is a polynomial of its parameter, and its offset is rational. A quintic is the lowest degree PH curve that may has an inflection point. These curves have been discussed in [11, 12, 23, 24, 31] providing more flexible constraints and more wider range of free parameters. Therefore the smoothing process of arc spline and gear designing can also be tried with PH quintic transition curves.
The proposed technique for spur gear geometry representation can be extended to various gear typologies, e.g., helical, bevel, hypoid, crown, etc. Future work should be directed towards the development of simple and refined techniques for geometric modeling of gears for the purpose of surface generation based on constraining procedures.
